The universal variational expansion for the non-relativistic three-body systems is explicitly constructed. Three-body universal expansion can be used to perform highly accurate numerical computations of the bound state spectra in arbitrary three-body systems, including Coulomb three-body systems with arbitrary particle masses and electric charges. Our main interest is related to the adiabatic three-body systems which contain one bound electron and two heavy nuclei of hydrogen isotopes: the protium p, deuterium d and tritium t. We also consider the analogous (model) hydrogen ion ∞ H + 2 with the two infinitely heavy nuclei. PACS number(s): 36.10.-k and 36.10.Dr
I. INTRODUCTION
In this communication we investigate the bound state spectra in the non-relativistic three-body systems. Our main goal is to develop the universal variational expansion for arbitrary three-body systems, including different Coulomb three-body systems. Briefly, we want to develop the new fast and reliable approach which can be used for highly accurate computations of the total energies and various bound state properties of these three-body systems. First, let us consider the Coulomb three-body systems with unit electrical charges [1] . Among such systems one finds three fundamental systems (ions): positronium ion Ps − , hydrogen ion ∞ H − and hydrogen molecular ion ∞ H + 2 which form a 'natural' basis for the three-body systems with unit (electric) charges. The word 'natural' used here means that:
(1) these systems represents all three limiting cases of the Coulomb three-body systems with unit charges and different particle masses m 1 , m 2 , m 3 , and (2) the energies and properties of these systems expressed in atomic units do not depend upon any additional 'experimental' value of some particle mass (or masses). This fact was already mention in the first editions of some classical books on few-body systems (see, e.g., [2] , [3] ).
First highly accurate computations of the bound states in two-electron atoms and ions were performed in the middle of 1950's. Analogous calculations for the two-center adiabatic ions, e.g., H + 2 ion started ten years later, while accurate and highly accurate variational calculations of the Coulomb three-body systems with three comparable particle masses, e.g., calculations of the Ps − ion and muonic molecular ions ppµ, pdµ, dtµ, etc, began in the late 1970's. At that time for each Coulomb three-body system we applied that variational expansion which was specifically designed and/or modified for this system. In rare cases the same variational expansion could be used for highly accurate variational calculaltions of bound states in a number of similar systems, e.g., the both Hylleraas and exponential variational expansions were used to determine the bound state spectra in all six muonic molecular ions ppµ, pdµ, ptµ, ddµ, dtµ and ttµ. Finally, in the middle of 1980's many different variational expansions have been developed and used for accurate numerical computations of various three-body systems. For some of three-body systems these variational expansions produced very accurate results, but in applications to other similar systems were essentially useless. In addition to this, for a large number of Coulomb three-body systems no highly accurate variational expansion were known. On the other hand, at that time it was shown that a few simple modifications of the variational expansions developed earlier for threebody systems made them almost 'universal', i.e. they can be applied for highly accurate computations of almost arbitrary three-body systems. The principal question here was to remove a few remaining trouble spots detected for such variational expansions. For instance, for the exponential variational expansion such a spot was associated with the molecular oneelectron ions, i.e. with the (abe) + ions, where a and b are the heavy nuclei of the hydrogen isotopes and e is the electron. Finally, this was understood in [4] and since then the goal of numerous studies was to develop such a universal variational expansion for the three-body systems and, first of all, for the Coulomb three-body systems.
In general, it would be a great advantage for the whole few-body physics to construct such an universal variational expansion, since this will allow one to perform highly accurate bound state computations for arbitrary three-body systems, including, three Coulomb systems/ions with unit charges (and arbitrary masses!) mentioned above. The explicit construction of the universal variational expansions is needed to investigate the bound state spectra, calculate the lowest-order relativistic and QED corrections to the non-relativistic energies and evaluate various properties of the non-relativistic three-body systems. In this study by the universal variational expansion we understand the variational expansion which allows one to perform highly accurate variational wave functions for an arbitrary bound state in any three-body (non-relativistic) system. It can be shown that the explicit construction of the universal variational expansion for arbitrary three-body systems can be reduced to the case of Coulomb three-body systems (ions) with unit charges X + Y + Z − [1] . In other words, an ability of some variational expansion for three-body systems to be 'universal' substantially depends upon the masses of the three particles, and does not depend upon their electric charges. As follows from here the universal variational expansion must produce highly accurate energies and wave function for an arbitrary three-body system (ion)
including three fundamental ions mentioned above.
Further investigation of this problem brought us to the conclusion that the 'trouble spot' of many variational expansions developed for atomic three-body systems coincides with the so-called adiabatic systems, i.e. systems which contain the two heavy particles and one light particle. Adiabatic Coulomb three-body systems contain two very heavy atomic nuclei (or two centers) and one bound electron. In some studies these systems were called either the two-center systems, or molecular ions (see, e.g., [5] ), [6] . In 2002 we have we presented the universal variational expansion which provided highly accurate for the Coulomb three-body systems with unit charges [7] . However, despite an obvious success of those studies [6] , [7] for the H ions some important questions of highly accurate computations of the adiabatic three-body systems have not been investigated in [7] . In particular, the 'pure adiabatic' ion ∞ H + 2 was not considered in those works et al. However, this one-electron ion is one of the three fundamental three-body systems (ions) mentioned above. Also, in [7] we have not constructed the highly accurate short-term wave functions with N = 400 -800 basis functions (complex exponents) for any of the H ions are changed correspondingly, and we need to evaluate these changes to very high accuracy. Moreover, the overall accuracy of our results obtained in earlier studies [7] was not high enough. Our current results obtained for these three-body ions are ≈ 2 · 10 4 − 5 · 10 5 times more accurate. This allows us to construct the bound state wave functions of the adiabatic (abe) + ions which have significantly better overall quality.
Taking into account all these issues we have decided to re-consider the adiabatic two-canter ions by using our universal expansion and answer these and other important questions.
This paper has the following structure. The general Coulomb three-body problem is formulated in the next Section. In Section III we consider the 'adiabatic divergence' of the three-body variational expansion(s) written in the relative (or Hylleraas) coordinates r 32 , r 31 , r 21 . To analyze the source of this 'adiabatic divergence' we present the explicit form of the Hamiltonian of the non-relativistic three-particle problem. Results of our numerical computations for the ions which contain two heavy positively charged nuclei of hydrogen isotopes the protium p, deuterium d and tritium t are analyzed in the fourth Section. The short term variational wave functions for these three-body adiabatic ions are considered in the fifth Section. The 'pure adiabatic' ∞ H + 2 ion is discussed in the sixth Section. Concluding remarks can be found in the last Section.
II. COULOMB THREE-BODY PROBLEM
Let us consider the non-relativistic system of three point particles which have electrical charges q 1 e, q 2 e, q 3 e and masses m 1 , m 2 , m 3 . To describe such a system we introduce three Cartesian vectors r i (= (x i , y i , z i ) for i = 1, 2, 3) which describe the positions of the particles.
Three vectors r 32 , r 21 and r 13 , where r ij = r i − r j = −r ji , form a triangle of particles. Each rib of this triangle has length r ij =| r i −r j |= r ji which coincides with the scalar interparticle distance r ij , or relative coordinate. The differential vector-operators ∇ i (Hamilton's nabla) are defined as follows (in Cartesian coordinates)
Hamiltonian of the three-body system of non-relativistic particles is written in the form 
where the first three terms are the single-particle kinetic energies, while the last three terms are the potential (or Coulomb) energies of the interparticle interaction(s). As is well known the Schrödinger equation for the bound state spectrum can be derived from a variational principle which is applied to the energy functional E = Ψ | H | Ψ , where H is the Hamiltonian from Eq.(2) and the varied wave function Ψ has a unit norm. In actual applications the 'exact' wave function Ψ is approximated by some variational expansion(s). In general, each of the highly accurate wave functions includes a large number N of basis functions [8] which explicitly depend upon spatial and spin coordinates of all three particles. There are nine spatial coordinates for an arbitrary three-particle system, but three of them describe the equal spatial translations of the particles, while three other coordinates represent the rotation(s) of the triangle of particles in our three-dimensional space. During such rotations the triangle of particles is considered as one solid formation. The six coordinates (which represent spatial translations and rotations) can be separated and excluded from the following analysis, e.g., by employing the three special coordinates which are translationally and rotationally invariant, i.e. they do not change during any translation and/or rotation in three-dimensional space. Three remaining coordinates are the radial (or internal) scalar coordinates of the problem. The correct choice of three internal coordinates is of paramount importance, since these coordinates determine the actual convergence rate of the variational expansion.
For the two-electron atoms and ions it was shown by Hylleraas [9] , [10] that the the relative coordinates r 32 , r 31 and r 21 , where r ij =| r i − r j |= r ji provide the correct choice for the internal coordinates. Indeed, these three relative coordinates are rotationally and translationally invariant. This substantially simplifies all numerical computations of different bound states in atomic two-electron systems. Later, the approach developed by Hylleraas and other similar approaches have been generalized for three-body systems with three arbitrary particle masses, which, however, were always comparable to each other, e.g., for the Ps − ion [10] , ppµ muonic molecular ion [11] and other similar systems (see, e.g., [12] , [13] ).
Based on the results of [11] we have developed a modification of the three-body exponential expansion which was very useful for the investigation of the bound state spectra of various muonic molecular ions, including different 'rotationally' and 'vibritionally' excited states in such systems. This variational expansion is written in one of the two following forms (see, e.g., [7] , [14] and references therein)
which is called the three-body exponential variational expansion in the relative coordinates r 32 , r 31 , r 21 , or
which is called the three-body exponential variational expansion in the perimetric coordinates u 1 , u 2 , u 3 . The perimetric coordinates have been introduced in physics of three-body systems by C.L. Pekeris in [15] , [16] . These three coordinates are simply (linearly) related to the relative coordinates
where r ij = r ji . In contrast with the relative coordinates r 32 , r 31 , r 21 the three perimetric coordinates u 1 , u 2 , u 3 are truly independent of each other and each of them varies between 0 and +∞. This drastically simplifies analytical and numerical computations of all threebody integrals which are needed for solution of the corresponding eigenvalue problem and for evaluation of a large number of bound state properties in an arbitrary three-body system.
In Eqs. (3) - (4) the coefficients C i (everywhere below we assume that i = 1, 2, . . . , N)
are the linear variational parameters, while the α i , β i , γ i are the non-linear (variational) parameters and L is the angular momentum of the three-body system. The functions
LM (r 31 , r 32 ) in Eqs. (3) - (4) are the bipolar harmonics [17] , which depend upon the two vectors r 31 = r 31 · n 31 and r 32 = r 32 · n 32 , where the n 3i vectors are the corresponding unit vectors (i = 1, 2). The explicit form of the bipolar harmonics is [17] 
where
are the Clebsch-Gordan coefficients (see, e.g., [17] and [18] ). As follows from Eq.(6) each bipolar harmonic is the M−component of the irreducible tensor of rank L.
In actual calculations it is possible to use only those bipolar harmonics for which
. This menas that each basis function in Eq. (4) is an eigenfunction of the L 2 and L z operators with eigenvalues L(L + 1) and M. This means thatL
M is the eigenvalue of theL z operator, i.e.L z Ψ LM = MΨ LM . The operatorP 21 in Eq. (4) is the permutation of the two identical particles in symmetric three-body systems. For such systems in Eqs. (3) - (4) one finds κ = ±1, otherwise κ = 0.
Note that the two expansions, Eqs. (3) - (4), are the partial cases of the more general exponential variational expansion written in the relative/perimetric coordinates [14] . In particular, the expansions, Eqs. (3) - (4), do not include additional factors which can be used to accelerate the overall convergence rate for some special three-body systems (for more details, see, [7] and [14] ). In this study we restrict ourselves to the bound (three-body)
states with L = 0. In this case the explicit form of the exponential variational expansion, Eq. (4), is simplified to the form
where the non-linear parameters α i , β i and γ i (i = 1, 2, . . . , N) are the real/complex numbers which have non-zero imaginary parts. This variational expansion, Eq. (7), is applied below.
This variational expansion, Eq. (7), is often written in a slightly different (but equivalent!)
where all 6N−non-linear parameters α i , β i , . . . , f i (i = 1, . . . , N) are now considered to be real. In actual applications, the three last non-linear parameters (i.e. the δ i , e i , f i parameters) in each of the basis function in Eq. (8) can be chosen as arbitrary real numbers (positive, or negative), while the first three non-linear parameters α i , β i , γ i must always be positive (real) numbers. The radial set of exponential basis functions must be complete. From here one finds a set of three additional conditions for the α i , β i , γ i parameters. Indeed, the three series of inverse powers of these parameters must be divergent, i.e. the three following sums (or series):
III. ADIABATIC DIVERGENCE
In the middle of 1980's we have developed an effective technique which allowed us to perform highly accurate bound state computations of arbitrary, in principle, Coulomb threebody system by using the exponential variational expansion, Eq. (7), with the real non-linear parameters only. Let E(N) be the total energy of the three-body system obtained with the use of N basis functions, Eq. (7). For a large number Coulomb three-body systems the actual convergence of the total energies E(N) be represented by the following approximate formula
where N is the total number of basis functions used in Eq. (7), while E(∞), A(≥ 0) and ν(≥ 1) are the varied 'experimental parameters' which are determined from the results of numerical calculations. The numerical value of the parameter ν in Eq. (9) is crucial for the whole method, since it determines the overall convergence rate of the variational expansion. Originally, the formula, Eq. (9), and other similar formulas were used to produce a few additional correct decimal digits in the final result/energy, since the E(∞) energy approximates the total energy more accurately than any of the partial energies E(N). This is the main reason why the formula, Eq.(9), has been called the 'asymptotic' formula for the total energy E. Analogous formulas can be derived for other bound state properties.
First applications of the formula, Eq. (9), (with the real non-linear parameters) to the three-body muonic ions ppµ, ddµ and ttµ computed with the use of Eq. (7) indicated clearly that the numerical value of the parameter ν rapidly decreases when the mass of the heavy particle in the aaµ ion (where a = (p, d, t)) increases. Indeed, the typical values of ν for the ppµ ion were around 10.5 -11.5, while for the ddµ ion ν ≈ 8.0 -8.75 and for the ttµ ion ν ≈ 5.3 -6.1. In other words, the factor ν in Eq. (9) is substantially mass dependent, i.e. it depends upon the ratio of particle masses. Formally, the overall accuracy of the variational expansion, Eq. (7), with the real non-linear parameters was sufficient to obtain highly accurate results even for the ttµ ion. However, the rapidly decreasing value of ν in Eq.(9) indicated that our variational expansion, Eq. (7) (7) seem to be absolutely unrealistic, since for this ion the parameter γ in Eq. (9) was less than unity. In reality, for the ground state of the ∞ H + 2 ion it was hard to obtain even two correct decimal digits (see, e.g., [4] ), if all non-linear parameters in Eq. (7) were real. This phenomenon was called [4] the 'adiabatic divergence' of the variational expansion, Eq.(7). The same conclusion can be made for other variational expansions in the relative coordinates r 32 , r 31 , r 21 originally developed for highly accurate calculations of the two-electron atomic systems.
Sources of the adiabatic divergence in three-body systems can be understood by considering the Hamiltonians of such systems. Formally, our analysis can be generalized to the adiabatic few-and many-body systems and for arbitrary interaction potentials between particles. However, such an analysis of arbitrary few-body systems just complicates the notations, and below we restrict ourselves to the consideration of the Coulomb three-body systems with the unit electric charges. Below, such systems are designated as (abe), or (abe) + , where e is the electron, while a and b are the two heavy nuclei of hydrogen isotopes.
Furthermore, for simplicity, we shall discuss the bound states in these systems with L = 0. 
where the particles 1 and 2 are the two heavy nuclei p, d, t (nuclei of the hydrogen isotopes), while particle 3 is the electron (e − ). As follows from Eq.(10) in the limit when m 1 → ∞ and and/or
vanish from the Hamiltonian, Eq.(10). This means that in the adiabatic limit, i.e. when min(m 1 , m 2 ) → ∞, the internuclear variable r 21 = R becomes an additional parameter of the three-body problem, i.e. it does not change during any electron's motion and cannot be considered as an actual coordinate in this problem.
The fact that the variable r 21 (= R) is a constant during the electron's motion for the adiabatic (or two-center) systems means that we have to re-formulate the original variational three-body problem for the bound states to the following form. We need to find the unit-norm wave function Ψ which provides a minimum to the following energy functional
and obey the following additional conditions (or constraints) Ψ | r 
where φ(r 32 , r 31 ) is the electron-nuclear part (or regular part) of the total three-particle wave function Ψ. Note that the explicit form of the 'exact wave function, Eq. (11), is written for the truly adiabatic two-center systems, e.g., for the ∞ H + 2 ion. For actual three-body systems with the two heavy centers and one bound electron the exact delta-function in Eq. (12) must be replaced by some δ−like spatial distribution, e.g., by the following one-parametric function [23] 
where A is a numerical parameter. In the limit A → 0 this function approaches to the actual two-center delta-function. Now, we can formulate the complete variational bound state problem for an arbitrary two-center three-body system in the form: find the best approximation to the actual wave function which provides a minimum to the energy functional, Eq. (11), by using the trial functions which are represented in the form
where A is a small (real) number and φ(r 32 , r 31 ) is the regular electron-nuclear part of the three-body wave function. In other words, by using our 'universal' variational expansion for non-relativistic three-body systems we need to find the best variational approximation of the wave function represented in the form, Eq. (14) . In the case of Eq. (7) we can write this condition in the form 
where the last term is the variational series of complex exponents, Eq. (8), while the parameter A in Eq. (16) is small and A → 0. Generalization of this principle for the excited bound states in the adiabatic three-body systems is straightforward.
The discussion above indicates that we have re-discovered the Born-Oppenheimer approximation for the two-center molecular ions [21] , [22] . However, now the Born-Oppenheimer approach takes the form of a useful guide which can be used to construct the best variational wave functions for the adiabatic molecular ions, e.g., for three-body molecular ions of the total energy depends upon the electron-nucleus mass ratio(s) used in calculations.
In our calculations performed in this study we have used the two different sets of particle masses which can be found in modern literature. The first set of particle masses includes masses which have been obtained in recent high-energy experiments, i.e.
where all masses are expressed in the mass-units MeV /c 2 accepted in the high-energy physics. The electron's mass m e in these units equals 0.510998910 MeV /c 2 . From these mass values one can find the actual masses which have been used in our calculations. These masses form the set of 'new' particle masses which are used below for a number of systems.
An alternative set of particle masses which have extensively been used in earlier studies (see, e.g., [7] ) includes the following masses:
where m e is the electron's mass. This set of particle masses is called below the set of 'old' particle masses, or 'old set of masses', for short.
Our computational results of the total energies of the ground 1sσ−states in the 
V. SHORT-TERM CLUSTER WAVE FUNCTIONS
Another interesting question which we wanted to discuss in this study is the explicit In our earlier studies of the two-center adiabatic one-electron systems (ions) (abe) + we did not construct the short-term cluster wave functions [7] . Here we want to present the highly accurate short-term wave functions for each two-center ion mentioned in this study. In other words, the short-term wave functions have been constructed for each of the (ppe)
+ , (tte) + ions and for the truly adiabatic hydrogen molecular ion ∞ H + 2 with the two infinitely heavy nuclei. Results of our calculations of the total energies (in atomic units) for each of these ions with the short-term wave functions can be found in Table III . For each two-center ion with the finite nuclear masses in Table   III Tables I, II and IV) . In general, for each threebody adiabatic ion the results obtained with these short-term wave functions are very close to the final energies obtained in computations of these ions with the larger numbers of basis functions.
VI. HYDROGEN ION WITH THE INFINITELY HEAVY NUCLEI
In this Section we consider the one-electron H + 2 ion with the infinitely heavy nuclei, i.e the ∞ H + 2 ion. This model ion is the truly adiabatic two-center system, since the positions of the two atomic nuclei in this ion are strictly fixed and they do not change during any possible electron motion. As mentioned above highly accurate computations of the truly adiabatic two-center systems with the use of the three-body variational expansions originally developed for atomic one-center systems are always difficult to perform. The source of troubles for such expansions is obvious, since the ∞ H + 2 ion has an internal structure which is completely different from usual atomic (i.e. one-center) three-body systems, e.g., from the two-electron H − ion and/or He atom. Indeed, for the two-center three-body systems the angular momentum of electron(s) L is not a constant of motion and cannot be used as a 'good' quantum number. On the other hand, the operator Λ = L 2 + √ −2ERA z which is responsible for separation of variables in spheroidal coordinates in the two-
ion, is not an integral of motion for atomic two-electron systems (see, e.g., [24] , [25] and references therein). Here the notation A z stands for the z−component of the Runge-Lenz operator (see, e.g., [26] ), R is the internuclear distance and E is the total energy of the ∞ H + 2 ion (a negative value). The same situation can be found with other quatum numbers which describe these two different groups of three-body systems. Briefly, we can say that the set of 'good' quantum numbers used for the H + 2 ion is fundamentally different from analogous sets of quantum numbers known for regular atomic three-body systems, e.g., for the two-electron H − ion, He atom and Ps − ion.
Therefore, it is a priory clear that we cannot expect to reach a very high numerical accuracy in bound state calculations of the truly adiabatic system(s). Below we restrict ourselves to the analysis of the ground (bound) 1sσ−state in the ∞ H + 2 ion. At this moment the best numerical result for the ground 1sσ−state energy in the ∞ H + 2 ion is ≈ -0.60263119 a.u. (see, e.g., [27] - [29] and [30] ). In [31] the obtained total energy equals for this ion equals ≈ -0.602634214 a.u. and this value agrees well with our recent results based on the use of cluster basis functions for two-center Coulomb systems. These basis functions are very similar to our complex exxponents (see, Eqs. (7) -(8), but they also include an additional factors which essentially coincide with the 'delta-distributions' written for the nucleus-nucleus r 21 (or R) coordinate. Results of our calculations will be published elswhere, but for our present purposes we can assume that the value -0.6026346(2) a.u. is the very good approximation to the exact total energy. In this study we can try to obtain a relatively good approximation of this energy value. Note that for the model ∞ H + 2 ion the Born-Oppenheimer approximation is not an approximation, but the exact approach which represents the actual structure of this system. Our universal variational expansions, Eqs. (7) - (8), have originally been developed for three-body systems with three comparable particle masses and for onecenter atomic systems. For all these systems the exponential variational expansions, Eqs. (7) - (8) , were found to be very effective. Therefore, we can expect that currently any direct calculation of the ground state energy in the ∞ H + 2 ion with our variational expansion(s), Eqs. (7) - (8) 28 m e (pure adiabatic system) can be found in Table IV (for different number of basis functions). As follows from this Table V .
At the second step of this procedure, by using the results from Tables II and V 
where M is the mass of the model 'proton' expressed in m e , K a is the total number of terms used to approximate the numerical data obtained in a series of K highly accurate calculations (with the different number of exponents N) of the total energies E(M) (here we assume that K a ≤ K). The derivation of this formula is also based on the Born-Oppenheimer approximation. By using our nine total energies from Tables II and V for a.u. which is very good for our approximate procedure.
VII. CONCLUSIONS
We have explicitly constructed the universal variational expansion, Eq. (8), which can be used to determine (to very high numerical accuracy) the bound states in various threebody systems, including Coulomb three-body systems with arbitrary particle masses and electric charges. Successful applications of our variational expansion now include: (1) atomic two-electron systems (He-atom(s) and He-like ions), (2) three-body with three comparable particle masses, and (3) Table I ) and E = -0.597139 063175 573387 6052(1) a.u. (with the 'new' particle masses, Table II ). The total energies of all ground states in the symmetric (aae) + ions, i.e. for the (ppe) + , (dde) + and (tte) + ions are now known to the same numerical accuracy (in contrast with our earlier studies [7] ).
For the non-symmetric (abe) + ions the progress achieved in this study is also amazing, since their total energies are now known to the accuracy which exceeds the overall accuracy of analogous results from [7] by the factor of 2 · 10 4 − 5 · 10 5 .
Formally, now we can say that the problem of highly accurate calculations of the bound states in arbitrary three-body systems is completely solved. Results obtained in this study for the adiabatic (aae) + and (abe) + two-center ions, where (a, b) = (p, d, t), are unique and indicate clearly that our variational expansions, Eqs. (7) - (8), can effectively be used for highly accurate calculations of the bound states in these molecular ions and other similar systems. As follows from our results the same variational expansion(s) can be applied to perform highly accurate computations of the (aae) + and (abe) + ions with very large 'proton'
e . This can be confirmed by our results from Table IV. Therefore, one can successfully apply our three-body variational expansion Eqs. (7) - (8) This must be achieved by using our universal variational expansions, Eqs. (7) - (8), directly,
i.e. without multiplying our basis functions by some additional 'delta-distributions' for the nucleus-nucleus r 21 (or R) coordinate.
Another important question which should be mentioned here is related to highly accurate computations of the bound state properties of the adiabatic three-body (aae) + and (abe) + ions which are of an increasing interest in a number of actual problems. Note that the expectation values of a large number of electron-nucleus and nucleus-nucleus properties of these adiabatic ions have been determined in [7] . Our current expectation values for many bound state properties are now known to very high numerical accuracy which is significantly better than accuracy reported in [7] . In general, almost all bound state properties computed for the (aae) + and (abe) + ions are in very good agreement with the values computed in [7] . Such an agreement is observed for all 'regular' electron-nucleus and for most of the nucleus-nucleus expectation values. However, even with our improved wave functions we cannot produce a substantially better approximation for the 'proton-proton' cusp values. Therefore, it is hard to evaluate the actual numerical accuracy of the computed 'proton-proton' delta-functions δ ab . Note that the 'proton-proton' delta-functions δ ab determine the corresponding fusion rates in the (abe) + molecular ions and other similar systems. Our current δ ab expectation values lead to some overestimation of these rates. Since 2002 the situation with these expectation values was improved significantly, but it is clear that additional research are needed in this area. Very likely, to prove the correctness of our expectation values of the nucleusnucleus delta-functions we need to apply in our calculations the so-called 'global identities'
introduced by Drachman and Sucher in 1979 [32] and [33] . As it was shown earlier (see, e.g., [33] and [34] and references therein) these 'global identities' allow one to obtain very accurate expectation values of all three delta-functions in an arbitrary three-body system.
Right now, we are working to include such 'global identities' in our calculations with the use of our exponential basis set with the complex non-linear parameters, Eq.(8).
Finally, we also want to emphasize that this our study is the first work where the 'atomic' variational expansions in the relative and/or perimetric coordinates, Eq. (7) - (8) ion which is a pure adiabatic systems with two infinitely heavy Coulomb centers which do not move. As mentioned in the text above, originally, for the ∞ H + 2 ion we could not expect to observe even a relatively good agreement between its 'exact' energy [29] and the total energy obtained by our 'universal' method. Nevertheless, right now our results are already in very good numerical agreement with the known 'exact' energy. Furthermore, these results are rapidly improving, since, very likely, we have found an optimal strategy for optimization of our approach and variational wave function, Eq.(8). 
